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Abstract 

In Q] we investigated the response of vacuum energy to a gravitational field by considering a 
Casimir apparatus in a weak gravitational field. Our approach was based on a conjecture involving 
the interpretation of spacetime as a refractive medium and its effect on vacuum energy composed 
of virtual massless scalar particles. There it was shown how the case of virtual photons as the 
constituents of vacuum could be inferred from that of the massless scalar field. Here we explicitly 
show how the same conjecture applies to the electromagnetic vacuum composed of virtual photons. 
Specifically we show that the boundary conditions imposed on the components of the vector field, 
decomposed into two scalar fields, result in the same frequency shift for photons. Using the same 
decomposition and employing our conjecture, we also calculate the electromagnetic energy density 
for the Casimir apparatus in a weak gravitational field. 
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I. INTRODUCTION 



One of the places where the general theory of relativity and quantum field theory meet is 
the notion of quantum vacuum and its role in the formulation of the so called cosmological 
constant problem. Indeed one could ask three fundamental questions concerning vacuum 
(zero-point) energy with descending level of importance. These are as follows: 

1- Is zero-point energy real? this is an old question which has been raised recently in the 
wake of the cosmological constant problem 

2- If vacuum energy is taken to be real, does it gravitate? Indeed an implicit affirmative 
answer to this question has naturally led to the cosmological constant problem j^, while 
a negative answer (through a consistent mechanism) has been sought as part of a possible 
resolution to the same problem jsl- 

3- If vacuum energy is real and gravitates, how does it respond to a gravitational field? 

In our previous study we concentratred on this last question by considering a Casimir ap- 
paratus in a weak gravitational field and studying the effect of the gravitational field on 
Casimir energy as a macroscopic manifestation of vacuum energy. The same problem has 



been addressed in 



J] by considering the variation in the gravitational energy in a static, 



weak gravitational field represented by the Fermi metric 



12 



goo = {l + 2gz) , g^^ = ~5ij , i,j = 1,2,3, (1) 
leading to the following force acting on the renormalized casimir energy, 

= —gocasimir = 3 y2Q£3(.' ' / 

in which i is the plate separation. The above equation states that the equivalent gravita- 
tional mass of the Casimir energy is nothing but the energy itself. As seen, the upward force 
is a very small effect compared to the gravitational force acting on the plates. In jsl we 
investigated the same setup using a conjecture involving the interpretation of spacetime as a 
refractive medium and its effect on vacuum energy constituted of virtual massless particles. 
To make this article self-sufficient and to explain the conjecture in a more exact wording it 
is stated below: 

conjecture: Accepting the reality of electromagnetic zero-point energy as the propagation of 
virtual photons , their propagation, as in the case of real photons, should be influenced by the 



2 



presence of a gravitational field through the interpretation of modified Fermat's principle in a 
curved spacetime. This influence, in the presence of boundaries, is encoded in the frequency 
shift of virtual massless particles induced by the spacetime index of refraction. 
Attributing an index of refraction to a spacetime means that if the allowed photon wave- 
lengths are somehow fixed, e.g. through the presence of boundaries such as in the case of the 
Casimir apparatus, then the effect of refractive index would be the change in the photon fre- 



quencies from Uk to In [s I we showed the consistency of the results obtained through the 
above conjecture by explicitly solving the Klein-Gordon equation for a massless scalar field 
in a Casimir apparatus in Fermi metric ([T]) representing the weak background spacetime. To 
extend our results to the case of electromagnetic Casimir energy (i.e to the case of virtual 
photons as the constituents of vacuum) we employed a result from quantum field theory in 
flat spacetime according to which the energy content of (virtual) photons could be inferred 
from that of massless scalar fields, on account of the fact that the electromagnetic field has 
twice as many modes. Here we show the consistency of our conjecture, applied explicitly 
to the electromagnetic vacuum energy, by the well know method of decomposing the vector 
potential (field) into (gradiants of) two scalar fields. The outline of thepaper is as follows. 
In the next section we give a brief review of the scalar field results of |5| and in section III 
the solution to the Maxwell equations in curved background and the decomposition of the 
vector potential into two scalar fields will be discussed. In section IV, application of the 
boundary conditions on the vector potential mode functions will be shown to result in the 
same frequency shift as in the case of massless scalar fields. In section V we calculate the 
energy density of the electromagnetic field in Fermi metric by employing our conjecture on 
the constituent scalar fields into which the vector potential is decomposed. The results are 
summarized and discussed in the last section. 

II. SCALAR CASIMIR EFFECT IN A WEAK GRAVITATIONAL FIELD 

The massless scalar field satisfying the Klein-Gordon equation in a curved background 
d^[V^g^''dMx')] = , g = detg''\ (3) 
is quantized by imposing the following commutation relations 

($,(x),<l>,(x))=5,,5(k,-k,). (4) 



where the scalar product is defined as [Gj 

(<l>i,<l>2) = -t j^<l>,{x)'^amx)[-Q^ix)]"^n^dJ:, (5) 
7or Casimir apparatus in Fermi metric ([1]) the solution to equation ([3]) was given as follows 

= Ce-*'^*e^'=-^e*'=^^Z(z), (6) 
in which C is the normalization constant 



and (to the first order in gz) , 

Z{z) ^ Zo(l + aoz) sm{A{z) + Oo) (8) 

where «o = — [f + ^] , b = u"^ — k'j_ , a = —2guj'^ and A{z) is given by 

A{z) = r ^S{^)dz' , S= — -kl + -{^f. (9) 
Jo -0 4 

with = k'^ + ky. Applying the Dirichlet boundary condition on plates we have, up to first 
order in g 

co^{l + ^)a;o. (10) 



This result, as we have proposed in [st, can be obtained through the following frequency 
shift 

u = ^ (11) 
n 

in which n is the spacetime index of refraction, which for static spacetimes including Fermi 
metric is given by Therefore 

w = ^^o(^oo)^ = {1 + 2g < z >)^uo ^ (1 + g < z >)uo (12) 

where < z >= ^ leads to the same result as in ( ITU]) . This is a direct consequence of the 
application of our conjecture to virtual massless scalar particles as the elements of vacuum 
in a Casimir apparatus placed in a weak gravitational field. 



III. ELECTROMAGNETIC FIELD IN THE FERMI METRIC 



Source free Maxwell field equations in the Lorentz gauge and in a curved background 



read as follows {g] 



UA^" + R'^A'' = Q , V^A'' = , /i = 0,l,2,3. (13) 



where □ is the corresponding Dalambertian operator in curved spacetime. It was noted in 
jsl that both the Riemmann and Ricci tensors are of order in Fermi metric and hence 
does not appear in the above equation within our approximation which is up to the first 
order in g. Hence, in the absence of curvature R^, every component of the above equation 
could be thought of as a Klein-Gordon equation for that component of the vector field 
but now with the extra Lorentz condition as a differential relation among the components. 
The Lorentz condition and the hidden gauge freedom in the above equations reduce the 
number of photon degrees of freedom to the two physical ones corresponding to transverse 
photons. Based on this fact there are two approaches to the quantization of photons. In 
the first approach all the degrees of freedom (including the scalar and longitudinal ones) are 
kept in the quantization procedure and then the Lorentz condition is employed in a weaker 
form leading to a subsidiary condition on the linear combination of longitudinal and scalar 
photons. As a consequence of this subsidiary condition, only transverse photons contribute 



?his approach known as the 
7|. In the second approach 



in the expectation value of physical observables such as energy. 
Gupta-Bleuler formalism respects the covariance of the theory 
one first reduces the degrees of freedom to the physical ones and then quantizes the theory. 
Here we employ the second approach jsl in the context of photon quantization in a weak 
static gravitational field represented by the Fermi metric ([1]). Starting with the covariant 
gauge transformation 

A'^ = A, + V^A (14) 

along with the fact that the vector potential should be of the form (by the symmetries of 
the Fermi metric) 

= fW^^^^-icot^ik^x^ikyy ^ {X = 0, 3) (15) 

would allow us to break the Lorentz condition to the following two separate conditions jisj ] 
VM„ = , a = 0,3 = (t,^) , V'A = , 1 = 1,2 = {x,y). (16) 



This could be achieved by choosing A = —^j^ through the gauge freedom Sj. The above 
separation imphes the existence of scalar functions (f) and -0 such that 

A = e,jV^<P , Aa = eat>V'^. (17) 

in which 

/oi\ ( l + gz\ 

e^,= \ , ea. = M . (18) 

Obviously on account of relations (|T5l) . (ITTll and the wave equation (fT3ll both functions ijj 
and satisfy the Klein-Gordon equation (see appendix A). Using equations (ITTI) and (fT8|) 
recasts the situation to that of the scalar field problem, leading to the following form for the 
quantized vector potential [9| 

oo „ ,21, 4 

A, = (A^, 0) + (0, = E y fc§^ + 4t!:(^)<A(k)], (19) 

where 

= (^'^' 0) '^'■k(^) = (-^w0rk(x), a,0,k(a;), 0, 0), (20) 
^I-kU^) = ^) V^r-k(a;) = ((1 + gz)d^iJr]^{x), - gz)uj'iljrk{x),0, 0), (21) 
^S/.(^) = (0,Pi) 0rk(a;) = {0,0, iky(j)r]^{x), -iK(t)ri,{x)) (22) 

^rkA((^) = (0, Vi) 0rk(a;) = (0, 0, ik^cprkix) , iky(j)r]^{x)) . (23) 

are the linearly independent modes of the vector potential (see appendix A) with the oper- 
ators Pa = eabV^ and pi = eijV^ already introduced in (fTTl) . It should also be noted that 
due to the presence of the boundary conditions along the 2;— axis, the integration over is 
now replaced with the summation over the extra index r, representing the r-th harmonic 
along the 2;-axis. Confining to the physical degrees of freedom (A = 1,2) and substituting 
equations fl2Tl) and fl22l) (along with their conjugates) into f[T9|) we end up with 
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oo „ 
r=l 



k{2n) 



■[0rk(a;)ar2(k) + 0*k(^)«*2(k)] 



(24) 



which is the same as equation (28) in reference 8|] for ari(k) = ar(k) and 0^2 (k) = br(k). 
In the next section it is shown how one can employ the mode sums used in to obtain the 
frequency shift on the scalar fields into which the vector field (potential) is decomposed as 
above. That will consequently lead to the frequency shift on the vector potential itself. 



IV. BOUNDARY CONDITIONS ON THE VECTOR POTENTIAL AND THE 
PHOTON FREQUENCY SHIFT 

Now that it is shown how a vector field could be formally decomposed into two scalar 
fields satisfying the Klein-Gordon equation, the next task is to find out how the well known 
boundary conditions on the vector potential are reduced to those on the scalar fields (p and i/j 
into which it is decomposed. To find these boundary conditions we start with the boundary 
conditions on the electric and magnetic fields on plates {dM) which could be covariantly 
encoded into the following formula 

n'^F^, \9M= (25) 

with = (0,1,0,0) unit vector normal to the boundary and the dual Maxwell 
tensor. These covariant boundary conditions on the field tensor are equivalent to the well 
known boundary conditions on the electric and magnetic components of the electromagnetic 
tensor 

E|| \dM= Bj_ \dM= (26) 

Using the definitions of Maxwell tensor in terms of the vector potential, the boundary 
conditions fl25|) on the derivatives of the vector potential read as 

^i'^I \dM= AI^} \dM , M^y \dM= Ay^t \dM , ^i'^y \dM= A^^l \dM (27) 

from which, by taking into account the general form of the vector potential f[T5|) and the 
fact that the boundaries are at z = constant, we end up with 

) \9M= \g^,= \q^,= (28) 
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This could be easily obtained in the coulomb gauge where one can always choose A^^^ = 
everywhere including on the boundary. Upon substitution of this choice in the first two 
equations of fl27|) and taking into account the general form ([T5l) we end up with 



Ai^^ \aM= -tuM^^ \oM= (29) 



in other words the components of the vector potential tangential to the boundary vanish. It 
remains the boundary condition on the z-component of the vector potential to be specified 
and this will be done by employing the Lorentz gauge condition = on the boundary 

d.iV^g^^Al'^) \aM= (30) 

Since the boundary is at 2; = constant the above relation by virtue of the relations ( 12 8 p 
reduces to 

d^iV^g'^Ai'^) \aM= (31) 

which on using the fact that, to the first order in g, y/^^ ~ (1 + gz) becomes 

(a,AW+^?AW) \aM=0 (32) 

Imposing the boundary conditions fl28|) and fl32l) on the vector potential mode functions 
(!20|) - (!23|) . one arrives at the following boundary conditions on the scalar potentials (p and ijj 
(for all values of A = 0, 1, 2, 3) 

4>\dM = dzi^ldM = (33) 

<9^0 \dM= -gdz(j)\dM (34) 

For consistency check purposes, starting from the first equation of (!33|) and the Klein-Gordon 
equation for ^^it is an easy task to show that the equation fl34|) will be obtained. In fact we 
recall that in [5] it was shown that the Klein-Gordon equation reduces to the following 
equation for function Z{z) 

Z"{z) + P{z)Z\z) + Q{z)Z(z) = (35) 

with 

P{z) = a, In , ; Q{z) = -{kl + u'g^'') (36) 
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in which ' = dz. Recalhng that the function Z{z) is that part of the scalar field on which the 
boundary condition should be satisfied, use of (f)\dM = in fl35l) immediately returns flMl) . 
Similar analysis from the second equation of (I33p and the Klein-Gordon equation for ijj will 
result in 

dl^\aM={kl + gV)ij\9M (37) 

So up to now, the boundary conditions on the vector potential are recast into the equations 
fl33|) , flM|) and fl37j) . Since the scalar field (j) inherits the same frequency u from its parent 
vector field in (1151) . from our previous study [5] it is clear that the first condition in (1331) . 
\dM= 0, leads to the frequency shift 

ai 

a; = a;o(l + y). (38) 

It is expected that the second condition in (!33l) , dzip \dM= 0, should also lead to the same 
frequency shift if our formulation is consistent. This is demonstrated to be the case in what 
follows. To proceed looking for the Neumann boundary condition on the scalar field i/j, from 
©, ©, (jH]) and Q) we have up to the first order in g 

Z'{0) = Zo{ao sin(6'o) + v^cos(6'o)} = (39) 



Z'{i) = Zo{ao sm{A{i) + 9o) + (1 + aoi)Vb{l + ^i) cos(A(£) + Oq)} = (40) 



leading to 

tan(0o) = -— (41) 
ao 

tan{A{i) + Bo) = - — (1 + (ao + ^J)) (42) 

which in turn result in 

^-(^w) - - r":f^?^^l' (43) 

al + 6(1 + (ao + i^)) ^ ^ 

Now since both ao and a are proportional to g the numerator of the fraction on the right 

hand side is of order 0{g^) and so up to first order we have 



tan{A{i)) = ^ sm{A{£)) = ^ A{e) = / ^/S{z')dz' = rnr (44) 





This is exactly the equation (36) of [5] which was shown to lead to the frequency shift in 
In other words both the Neumann boundary condition on i/j and the Dirichlet boundary 
condition on (p led to the same frequency shift on virtual photons as the constituents of 
quantum vacuum in a Casimir apparatus in a weak gravitational field. 



V. CALCULATION OF THE ENERGY DENSITY 



Since we have formally two scalar fields replacing an electromagnetic field, it may be 
expected that the energy content to be doubled compared to the case of Casimir vacuum 
composed of virtual massless scalar particles. This expectation is not a trivial one since the 
decomposition of the electromagnetic field into two scalar fields is such that not only they are 
defined in the two totally different sectors of the space time but also with different boundary 
condition in Fermi metric. To further reinforce our conjecture, in this section we explicitly 
calculate the energy-momentum tensor of the electromagnetic field to find the energy of the 
photon field without any resort to the Green functions method frequently employed in the 
literature. To do so first we discuss the energy momentum tensor in Fermi metric in the 
classical context by noting that the Maxwell energy- momentum tensor is given by 

Using Fermi metric and the fact that Fij = eij^B^ (i, j, A; = 1, 2, 3) it could be shown that 
F^^F^^ = -2(7°0e2 + 4eijkB''B''' = 2{B^ - g^'^E^), (46) 
from which we obtain 

T'' = lr\E' + gooB'), (47) 

where we have used the fact that g^^ = Therefore the energy density is given by 

Too = ^{E^ + gooB''). (48) 

Note that the electromagnetic fields appearing in the above relation are those satisfying the 
Maxwell equation in a weak gravitational field represented by the Fermi metric. To calculate 
the vacuum energy density we use the above classical result as the only contribution to the 
time-time component of energy-momentum tensor but it should be kept in mind that in the 
quantum field theoretic treatment of a vector field (spin 1) in a curved background there are 
other contributions to the energy-momentum tensor corresponding to the gauge breaking 
and ghost terms in the Lagrangian Q]. In the case of photons it has already been shown, 
through point splitting regularization, that these terms will lead to vanishing contribution 
to the vacuum expectation value of energy-momentum tensor in a weak gravitational field 

10 



represented by the Fermi metric Qj. Now to compute the expectation value < OlT^^'lO > we 
start with the calculation of the electromagnetic fields in terms of the components of the 
Maxwell tensor. The electromagnetic fields are 

= e,,uF'^ , E = (Foi, F02, F03), (49) 

which have the following squared values in terms of the components of the Maxwell tensor 
in the coordinates chosen in section III, 

(50) 
(51) 

Using the expansion (IT^ of the vector potential in terms of the general mode functions fll5p 
we can calculate the above components in terms of their decomposition into scalar fields 
and ip introduced in f|T7j) . For example we have 

F — A —A 

= d^i^odzip) - (52) 



|E|2 = 


\Frz 




F 

^ TX 




\F 1 

Ty\ 


|B|2 = 


\F 

K zx 




\F 

r zy 




IF 1 

\^ xy\ 



where we have used the facts that A^- = erzd^'ip ^ind A~, = e^rd'^ilj- Similar manipulations 
lead to other components of Maxwell tensor as follows 



Frx = ikxy/goodzip - kyUjcj) 
Fry = iky./g^d^'il) + k^y^ucf) 

Fxy = {exydy(t>),y - (e,.a^0),. = -klcf) - kl(j) = -kl4> 
Fzx = -ikyd^(j) - k^ug^^y/g^i) 

F^y = -ik^d^(f) - kyug^^y/gi^i/j. (53) 
Using the above results we have 



Vkxy/gmdzi> - kyU(f)\ + likyy/g^d^i; + k^u(f)\ . (54) 

Taking the vacuum expectation value of the above quantity, namely < 0||Ep|0 >, it should 
be noted that terms like (pdzip have no contribution as the creation and annihilation oper- 
ators appearing in such terms belong to two different spaces and thereby leading to zero 
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contribution. Ignoring such terms in the expansion of |Ep we end up with 

|Ep = - + go^kWd^^ + klu^\(t)\\ (55) 

Using the fact that tj) satisfies the Klein-Gordon equation, V^V^'i/' = 0, we have 

dz{^/gmdz'4^) - u'^^fg^g^^i} = k'iy/g^i/j, (56) 

which on substitution for the first term in the right hand side of equation (155|) leads to 

|Ep = k^goom' + gookl\d^i^\' + (57) 

In the same way for the square of the magnetic induction we have 

|B|2 = ki\(j)\^ + I - tkydz<P - A;,a;(7°°v^Vr + I - - A;,a;(/°°v^^r (58) 

manipulating in the same way as for the square of the electric field we end up with 

\B\' = ki\<P\' + kl\dz<P\' + kWg''\i;\' (59) 

Now substituting the above results for the squares of the electric and magnetic fields in Tqo 
we have 

|E|2 + ^oolBp = kigoo\ij\' + 9ookl\dzi:\' + kluj'\<P\' 
+9ookm' + 9ookl\dz<P\'v + gooklu^g^'^' 
= klliu' + gooklMl' + <?oo|9.0p] + klliu' + gooklMl' + goo\d.^\'] (60) 

It is easy to see that the expectation value of the two terms in the brackets are nothing 
but the expectation values of the time-time components of energy-momentum tensors of the 
scalar fields (p and i(j respectively. To show this we note that 

= IM*0 + ^/?00[|a.(^|' + {lk,){-lk,M^ + {lky){-lky)\(l)\^] 

= i(zc)(-za;)|0|2 + ^goo\dz(P\' + Igook'M', (61) 
so that for the scalar fields in our problem 

T^o = ^(^' + gooklM' + ^gooldzM' (62) 
T^o = ^(^' + gooklMl' + lgoo\d.ij\'. (63) 
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substituting these relations in ( 160|) . the vacuum expectation value of the time-time compo- 
nent of the energy-momentum tensor is given by 

< 0|T*°*'^'|0 >= ^ < 0|(|Ep + (^oo|Bp)|0 >= kli< 0|rot,|0 > + < 0|Tot|0 >). (64) 

Note that one could absorb the factor kj_ into the definitions of (p and ip. Now from our 
previous study on the energy density of scalar fields in Fermi metric [5], based on the 
spacetime index of refraction, we know that 

< 0|Tot,|0 >=< Om^jO > (1 + f) (65) 

<o|rot;|o>=<o|rot^,^jo>(i + |). (66) 

Substituting these relation back into the equation (IMIl we have 

< OI^O^LJO >= (< OI^oVJO > + < 0|<.J0 >)(! + f ) 

=<0|To-L|0>(l + f). (67) 

In effect this last relation shows that one could have obtained the vacuum electromagnetic 
energy density of a Casimir apparatus in a Fermi metric by assigning an index of refraction to 
the underlying spacetime and thereby applying the conjecture introduced in the introduction 
on the frequency of the virtual photons as the content of the quantum vacuum. 



VI. DISCUSSION 



Using the fact that one could employ the gauge transformation and the Lorentz condition 
on a vector potential to decompose it formally into two scalar fields satisfying the Klein- 
Gordon equation, it was shown how the boundary conditions on the vector potential are 
transformed to those on the two scalar fields. Considering the same problem in the context 
of a Casimir apparatus in a weak gravitational field whose vacuum content are virtual 
photons propagating between the two plates, it was shown how the above decomposition 
leads to the same frequency shift on virtual photons as was found previously for virtual 
scalar particles as the constituents of vacuum. Since we have formally two scalar fields 
replacing an electromagnetic field, it may be expected that the energy content to be doubled 
compared to the case of Casimir vacuum composed of virtual massless scalar particles. This 
expectation is not a trivial one since the decomposition of the electromagnetic field into 
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two scalar fields in Fermi metric is such that they are defined in the two totally different 
sectors of the space time. Despite this fact, it was shown explicitly that the two scalar 
fields have equal contributions to the energy density leading to the expected energy content 
for the electromagnetic field as the constituent of the vacuum in a Casimir apparatus in a 
weak gravitational field. This calculation was carried out without any resort to the Green's 
functions method frequently employed in the literature. 
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Appendix A: Note on the scalar functions 4> and tp 



Here we first show that tp and (p satisfy the Klein- Gordon equation and then derive 
relations f l2U]) - fl251) . For example from equations (fT5|) and ( fT7|) we have 

Aa = eabV'tP = /i^) (z) exp--*+^^^-^ , (Al) 

which is consistent with the choice of -0 (and also (p ) according to the general form ([H]). From 
the above equation and equation (IT^ (in the absence of curvature term), for the component 
^3 of the vector field we have, 

DA, = □(€30 V» = -2a;n(e30^°V) = 0, (A2) 

in which we have used the general form for ip in the last equation. Since the covariant 
derivative of metric vanishes we have 

□ (e30^7°V) = □( = ^ = (A3) 

in other words ip satisfies the Klein-Gordon equation. In terms of the scalar functions and 
ip one can choose the following simplest linearly independent mode functions for A^i^^ 11 1 



4°) = (90,^3,0,0)0 (A4) 

<^ = (Po,P3,0,0)V' (A5) 

42) = (O,O,pi,p2)0 (A6) 

A(f) = (0,0,51,92)0, (A7) 

in which the first and last modes are pure gauge modes and the physical ones A'i}^ and ^if^ 
reduce to those in the text. For example, the non-zero components of A^f}'^ are given by 

Potp = eoiVV = (^oig^^diij = (1 + gz)d^ij 
Ps'ip = 630 VV = e30^7°°5oV^ = -z(l - gz)u^, (A8) 

leading to the mode function fl2Tl) . 
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